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Lp-BOUNDEDNESS AND Lp-NUCLEARITY OF MULTILINEAR
PSEUDO-DIFFERENTIAL OPERATORS ON Zn AND THE
TORUS Tn
DUVA´N CARDONA AND VISHVESH KUMAR
Abstract. In this article, we begin a systematic study of the boundedness and
the nuclearity properties of multilinear periodic pseudo-differential operators
and multilinear discrete pseudo-differential operators on Lp-spaces. First, we
prove analogues of known multilinear Fourier multipliers theorems (proved by
Coifman and Meyer, Grafakos, Tomita, Torres, Kenig, Stein, Fujita, Tao, etc.)
in the context of periodic and discrete multilinear pseudo-differential operators.
For this, we use the periodic analysis of pseudo-differential operators developed
by Ruzhansky and Turunen. Later, we investigate the s-nuclearity, 0 < s ≤ 1,
of periodic and discrete pseudo-differential operators. To accomplish this, we
classify those s-nuclear multilinear integral operators on arbitrary Lebesgue
spaces defined on σ-finite measures spaces. We also study similar properties
for periodic Fourier integral operators. Finally, we present some applications
of our study to deduce the periodic Kato-Ponce inequality and to examine
the s-nuclearity of multilinear Bessel potentials as well as the s-nuclearity of
periodic Fourier integral operators admitting suitable types of singularities.
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1. Introduction
In this investigation we study the boundedness and the nuclearity of periodic
and discrete multilinear pseudo-differential operators on Lp-spaces. These opera-
tors are defined as follows. Ifm : Tn×Znr → C, Tn ∼= [0, 1)n, is a measurable func-
tion, usually referred as symbol, then the periodic multilinear-pseudo-differential
operator associated with symbol m is the multilinear operator defined by
Tm(f)(x) =
∑
ξ∈Znr
ei2πx·(ξ1+ξ2+···+ξr)m(x, ξ)(FTnf1)(ξ1) · · · (FTnfr)(ξr), x ∈ Tn,
(1.1)
where ξ = (ξ1, ξ2, · · · , ξr), f = (f1, · · · , fr) ∈ D(Tn)r, and
(FTnfi)(ξi) =
∫
Tn
e−i2πxiξifi(xi)dxi
is the periodic Fourier transform of fi. On the other hand, if a : Z
n×Tnr → C is
a measurable function, then the discrete multilinear-pseudo-differential operator
associated with symbol a is the multilinear operator defined by
Ta(g)(ℓ) =
∫
Tnr
ei2πℓ·(η1+···+ηr)a(ℓ, η)(FZng1)(η1) · · · (FZngr)(ηr)dη, ℓ ∈ Zn, (1.2)
where, η = (η1, · · · , ηr), g = (g1, · · · , gr) ∈ S (Zn)r, and
(FZngi)(ηi) =
∑
ℓi∈Zn
e−i2πℓiηigi(ℓi)
is the discrete Fourier transform of gi. For r ≥ 2, these operators have been studied
by V. Catana˘ in [11]. If r = 1, these quantization formulae can be reduced to the
familiar expressions
Tm(f)(x) =
∑
ξ∈Zn
ei2πx·ξm(x, ξ) (FTnf)(ξ), x ∈ Tn, (1.3)
and
Ta(g)(ℓ) =
∫
Tn
ei2πℓ·η a(ℓ, η)(FZng)(η) dη, ℓ ∈ Zn. (1.4)
Pseudo-differential operators represented by (1.3) were defined by Volevich and
Agranovich[1]. Later, this theory was developed by McLean[40], Turunen and
Vainikko[59], and Ruzhansky and Turunen[56]. Nevertheless, the work of Ruzhan-
sky and Turunen [56, 57], Cardona [6, 7], Delgado [14] and Molahajloo and Wong
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[45, 46, 47] provide some complementary results for this periodic theory. Ruzhan-
sky and Turunen [57], and Cardona, Messiouene and Senoussaoui [10] studied
some of mapping properties for the periodic Fourier integral operators.
Pseudo-differential operators on Zn (discrete pseudo-differential operators) were
introduced by Molahajloo in [47], and some of their properties were developed
in the last few years, see [8, 16, 50, 51, 52, 53, 55]. However, Botchway, Kibiti,
and Ruzhansky in their recent fundamental work [5] investigated the discrete
pseudo-differential calculus and its applications to difference equations.
In both cases (periodic pseudo-differential operators and discrete pseudo-differential
operators), some of the results obtained in the above mentioned references are pe-
riodic or discrete analogues of well-known results for pseudo-differential operators
on Rn, which are linear operators of the form
Af(x) =
∫
Rn
ei2πx·ξ a(x, ξ)f̂(ξ) dξ, f ∈ D(Rn), (1.5)
where f̂ is the euclidean Fourier transform of f, (see Ho¨rmander [37] for a com-
plete treatment on this subject). The nuclearity of pseudo-differential operators
on Rn has been treated in details by Aoki [2] and Rempala [54]. Multilinear
pseudo-differential operators studied by several authors including Be´nyi, Mal-
donado, Naibo, and Torres, [3, 4], Michalowski, Rule and Staubach, Miyachi and
Tomita [41, 42, 43, 44] and references therein. It is worth mentioning that the
multilinear analysis for multilinear multipliers of the form
Ta(f)(x) =
∫
Rnr
ei2πx·(η1+···+ηr)a(η)f̂1(η1) · · · f̂r(ηr)dη, x ∈ Rn, (1.6)
born with the multilinear results by Coifman and Meyer (see [12, 13]), where it
was shown that the condition
|∂α1η1 ∂α2η2 · · ·∂αrηr a(η1, η2, · · · , ηr)| ≤ Cα(|η1|+ |η2|+ · · ·+ |ηr|)−|α|, (1.7)
for sufficiently many multi-indices α = (α1, α2, · · · , αr), implies the boundedness
of Ta from L
p1(Rn) × Lp2(Rn) × · · · × Lpr(Rn) into Lp(Rn) provide that 1/p =
1/p1 + 1/p2 + · · ·+ 1/pr, and 1 ≤ pi, p < ∞. A generalization of this result was
obtained by Tomita [58], where it was proved that the multilinear Ho¨rmander
condition
‖a‖l.u.,Hs
loc
(Rnr) := sup
k∈Z
‖a(2kη1, 2kη2, · · · , 2kηr)φ‖Hs <∞, φ ∈ D(0,∞), s > nr
2
,
(1.8)
implies the boundedness of Ta from L
p1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn) into Lp(Rn)
provided that 1/p = 1/p1+1/p2+ · · ·+1/pr, and 1 ≤ pi, p <∞. The case r = 1 is
known as the Ho¨rmander-Mihlin theorem. These multilinear theorems have been
extended to Hardy spaces for some suitable ranges 0 < pi, p < ∞, in the works
of Grafakos, Torres, Miyachi, Fujita, Tomita, Kenig, Stein, Muscalo, Thiele, Tao
[29, 32, 33, 35, 36, 38, 48]. Periodic versions of these results will be presented in
the next section as well as a study on the nuclearity of multilinear operators on
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Lp-spaces. Several applications will be considered including the toroidal Kato-
Ponce inequality and some nuclear properties for multilinear Bessel potentials.
2. Summary of Results
In this section, we state the main results of our investigation. First we consider
those results on the boundedness of periodic and discrete multilinear operators
which are periodic or discrete analogues of some known results in the context of
multilinear operators on Rn. In the last part of this section , we will describe those
multilinear operators on Zn and the torus Tn which admit a s-nuclear, 0 < s ≤ 1,
extension on multilinear Lp-spaces.
Boundedness of periodic multilinear operators. Now, we present our main
results related to the boundedness of periodic multilinear operators. At times,
we denote (x, ξ) := (x, ξ1, · · · , ξr) = x · (ξ1 + · · ·+ ξr).
Theorem 3.1. Let us assume that m satisfies the Ho¨rmander condition of order
s > 0
‖m‖L∞(Tn,l.u.,Hs
loc
(Rn)) := ess sup
x∈Tn
‖m(x, ·)‖l.u.,Hs
loc
<∞.
Then the multilinear periodic pseudo-differential operator Tm associated with m
extends to a bounded operator from Lp1(Tn)×Lp2(Tn)×· · ·×Lpr(Tn) into Lp(Tn)
provided that s > 3nr
2
and
1
p
=
1
p1
+ · · ·+ 1
pr
, 1 ≤ p <∞, 1 ≤ pi ≤ ∞.
With the help of previous result we prove the following fact. We use the
notation
〈ξ〉 := max{1, |ξ1|+ · · ·+ |ξr|},
for all ξ ∈ Rnr.
Theorem 3.3. Let us assume that m satisfies the discrete symbol inequalities
sup
x∈Tn
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(x, ξ1, · · · , ξr)| ≤ Cα〈ξ〉−|α|,
for all |α| := |α1| + · · ·+ · · ·+ |αr| ≤ [3nr/2] + 1. Then the periodic multilinear
pseudo-differential operator Tm extends to a bounded operator from L
p1(Tn) ×
Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn) provided that
1
p
=
1
p1
+ · · ·+ 1
pr
, 1 ≤ p <∞, 1 ≤ pi ≤ ∞.
Now, we will consider Fourier integral operators with periodic phases.
Theorem 3.5. Let 1 < p < ∞ and let φ be a real valued continuous function
defined on Tn×Rnr. Let us assume that a : Tn×Rnr → C is a continuous bounded
function and the multilinear Fourier integral operator
Tf(x) =
∫
Rnr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)f̂1(ξ1) · · · f̂r(ξr)dξ
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extends to a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn)
into Lp(Rn). Then the periodic multilinear Fourier integral operator
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
also extends to a bounded multilinear operator from Lp1(Tn) × Lp2(Tn) × · · · ×
Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Moreover, there exists a positive constant Cp such that
‖A‖B(Lp1 (Tn)×Lp2 (Tn)×···×Lpr (Tn),Lp(Tn)) ≤ Cp‖T‖B(Lp1 (Rn)×Lp2 (Rn)×···×Lpr (Rn),Lp(Rn)).
We present the following multilinear version of the Stein-Weiss multiplier the-
orem (see Theorem 3.8 of Stein and Weiss [60]).
Theorem 3.6. Let 1 < p < ∞ and let a : Rnr → C be a continuous bounded
function. Let us assume that the multilinear Fourier multiplier operator
Tf(x) =
∫
Rnr
ei2π(x,ξ1,ξ2,··· ,ξr)a(ξ1, ξ2, · · · , ξr)f̂1(ξ1) · · · f̂r(ξr)dξ
extends to a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn)
into Lp(Rn). Then the periodic multilinear Fourier multiplier
Af(x) :=
∑
ξ∈Znr
ei2π(x,ξ1,ξ2,··· ,ξr)a(ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
also extends to a bounded multilinear operator from Lp1(Tn) × Lp2(Tn) × · · · ×
Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Moreover, there exists a positive constant Cp such that the following inequality
holds.
‖A‖B(Lp1 (Tn)×Lp2 (Tn)×···×Lpr (Tn),Lp(Tn)) ≤ Cp‖T‖B(Lp1 (Rn)×Lp2 (Rn)×···×Lpr (Rn),Lp(Rn)).
The multilinear Coifman-Meyer theorem together with Theorem 3.6 allow us
to prove the following multilinear estimate.
Theorem 3.7. Let Tm be a periodic multilinear Fourier multiplier. Let us assume
that the symbol m satisfies the estimates
|∆α1ξ1 · · ·∆αrξr m(ξ1, ξ2, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr |, |α| ≤ [
nr
2
] + 1.
Then the operator Tm extends to a bounded multilinear operator from L
p1(Tn)×
Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
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For r = 1, Theorem 3.3 was generalized by Delgado in [14] to more general
periodic Ho¨rmander classes of limited regularity. The condition on the number of
discrete derivatives in the preceding result can be relaxed if we assume regularity
in x. We show it in the following theorem.
Theorem 3.8. Let Tm be a periodic multilinear pseudo-differential operator. Let
us assume that m satisfies toroidal conditions of the type,
|∂βx∆α1ξ1 · · ·∆αrξr m(x, ξ1, ξ2, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr|,
where |α| ≤ [nr
2
]+ 1, and |β| ≤ [n
p
]+ 1. Then Tm extends to a bounded multilinear
operator from Lp1(Tn)× Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Let us observe that Theorem 3.8 has been proved for r = 1 in Ruzhansky
and Turunen [57]. Now we discuss some applications of our multilinear analysis.
Theorem 3.3 applied to the bilinear operator
Bs(f, g) := J
s(f · g), (2.1)
where Js is the periodic fractional derivative operator (L)s/2, or the periodic
Bessel potential of order s > 0, (1 + L)s/2, implies the (well known) periodic
Kato-Ponce inequality (see Muscalu and Schlag [49]):
‖Js(f · g)‖Lr(Tn) . ‖Jsf‖Lp1(Tn)‖g‖Lq1(Tn) + ‖f‖Lp2(Tn)‖Jsg‖Lq2(Tn) (2.2)
where 1
p1
+ 1
q1
= 1
p2
+ 1
q2
= 1
r
, 1 ≤ pi, qi ≤ ∞, 1 < r <∞, and L = − 14π2 (
∑n
j=1 ∂
2
θj
)
is the Laplacian on the torus. We develop this application of Theorem 3.3 to
PDEs in Remark 3.9.
Boundedness of discrete multilinear pseudo-differential operators. Our
main result about the boundedness of discrete multilinear pseudo-differential op-
erators is the following.
Theorem 3.10. Let σ ∈ L∞(Zn, C2κ(Tnr)). Let us assume that σ satisfies the
following discrete inequalities
|∂βξ σ(ℓ, ξ)| ≤ Cβ, ℓ ∈ Zn, ξ ∈ Tnr, σ(ℓ, ξ) = σ(ℓ)(ξ),
for all β with |β| = 2κ. Then Tσ extends to a bounded operator from Lp1(Zn) ×
Lp2(Zn)× · · · × Lpr(Zn) into Ls(Zn) provided that 1 ≤ pj ≤ p ≤ ∞, and
1
s
− 1
p
<
2κ
nr
− 1.
As a consequence of the previous result, if σ ∈ C2κ(Zn × Tn), satisfies the
following discrete inequalities
|∂βξ σ(ℓ, ξ)| ≤ Cβ, ℓ ∈ Zn, ξ ∈ Tn,
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for all β with |β| = 2κ, then Tσ extends to a bounded operator from Lp(Zn) into
Lp(Zn) provided that 1 ≤ p ≤ ∞, and κ > n/2. This implies the Lp-boundedness
of pseudo-differential operators associated to the discrete Ho¨rmander class S00,0(Z
n×
T
n) introduced in Botchway, Kibiti and Ruzhansky [5].
s-Nuclearity for periodic and discrete multilinear pseudo-differential
operators. In order to study those multilinear operators admitting s-nuclear
extensions, we prove the following multilinear version of a result by Delgado,
on the nuclearity of integral operators on Lebesgue spaces (see [15, 17]). So, in
the following multilinear theorem we characterize those s-nuclear (multilinear)
integral operators on arbitrary (σ-finite) measure spaces (X, µ).
Theorem 4.4. Let (Xi, µi), 1 ≤ i ≤ r and (Y, ν) be σ-finite measure spaces. Let
1 ≤ pi, p <∞, 1 ≤ i ≤ r and let p′i, q be such that 1pi + 1p′i = 1,
1
p
+ 1
q
= 1 for 1 ≤
i ≤ r. Let T : Lp1(µ)×Lp2(µ2)×· · ·×Lpr(µr)→ Lp(ν) be a multilinear operator.
Then T is a s-nuclear, 0 < s ≤ 1, operator if and only if there exist sequences
{gn}n with gn = (gn1, gn2, . . . , gnr) and {hn}n in Lp′1(µ1)×Lp′2(µ2)×· · ·×Lp′r(µr)
and Lp(ν) respectively, such that
∑
n ‖gn‖sLp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖
s
Lp(ν) < ∞
and for all f = (f1, f2, . . . , fr) ∈ Lp1(µ)× Lp2(µ2)× · · · × Lpr(µr) we have
(Tf)(y) =
∫
X1,X2,··· ,Xr
(
∞∑
n=1
gn(x) hn(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
=
∫
X1
∫
X2
· · ·
∫
Xr
(
∞∑
n=1
gn1(x1) gn2(x2) . . . gnr(xr) hn(y)
)
× f1(x1) f2(x2) . . . fr(xr) dµ1(x1) dµ2(x2) · · ·dµr(xr)
for almost every y ∈ Y.
This criterion applied to discrete and periodic operators gives the following
characterizations.
Theorem 5.1. Let a be a measurable function defined on Zn × Tnr. The mul-
tilinear pseudo-differential operator Ta : L
p1(Zn) × Lp2(Zn) × · · ·Lpr(Zn) →
Lp(Zn), 1 ≤ pi < ∞, for all 1 ≤ i ≤ r is a s-nuclear, 0 < s ≤ 1, operator if
and only if the following decomposition holds:
a(x, ξ) = e−i2πx˜·ξ
∑
k
hk(x)FZnr(gk)(−ξ), ξ ∈ Tnr, x ∈ Zn,
where x˜ = (x, x, . . . , x) ∈ (Zn)r; {hk}k and {gk}k with gk = (gk1, gk2, . . . , gkr) are
two sequences in Lp(Zn) and Lp
′
1(Zn)×Lp′2(Zn)× · · · ×Lp′r(Zn) respectively such
that
∑∞
n=1 ‖hn‖sLp(Zn)‖gn‖sLp′1 (Zn)×Lp′2 (Zn)×···×Lp′r (Zn) <∞.
Theorem 5.4. Let m be a measurable function on Tn×Znr. Then the mutlilinear
pseudo-differential operator Tm : L
p1(Tn)× · · · × Lpr(Tn) → Lp(Tn), 1 ≤ pi, p <
∞ for 1 ≤ i ≤ r, is a s-nuclear, 0 < s ≤ 1, operator if and only if there
exist two sequences {gk}k with gk = (gk1, gk2, . . . , gkr) and {hk}k in Lp′1(Tn) ×
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· · · × Lp′r(Tn), 1
pi
+ 1
p′i
= 1 for 1 ≤ i ≤ r and Lp(Tn) respectively such that∑
k ‖gk‖sLp′1(Tn)×···×Lp′r (Tn)‖hk‖
s
Lp(T) <∞ and
m(x, η) = e−i2πx˜·η
∑
k
hk(x) (FTnrgk)(−η), η ∈ Znr
where x˜ = (x, x, . . . , x) ∈ Tnr.
Now, we present the following sharp result on the s-nuclearity of periodic
Fourier integral operators.
Theorem 5.5. Let us consider the real-valued function φ : Tn×Znr → R. Let us
consider the Fourier integral operator
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
with symbol satisfying the summability condition∑
ξ∈Znr
‖a(·, ξ1, ξ2, · · · , ξr)‖sLp(Tn) <∞.
Then A extends to a s-nuclear, 0 < s ≤ 1, operators from Lp1(Tn)×· · ·×Lpr(Tn)
into Lp(Tn) provided that 1 ≤ pj <∞, and 1 ≤ p ≤ ∞.
The previous theorem will be applied to analyze multilinear Bessel potentials
(I + L )−
α
2 := ((I + L)−α12 , · · · , (1 + L)−αr2 ),
and Fourier integral operators with singular symbols of the form
a(x, ξ) :=
1
|x|ρκ(ξ), x ∈ T
n, x 6= 0, ξ ∈ Znr, 0 < ρ < n/p, 1 < p <∞.
The results of this article were announced in the note [9].
3. Periodic and discrete multilinear pseudo-differential
operators on Lebesgue spaces
3.1. Ho¨rmander condition for pseudo-differential operators on periodic
Lebesgue spaces. In this section, we provide some results concerning to the
boundedness of the multilinear periodic pseudo-differential operators on Lebesgue
spaces. Note that symbols satisfying the Ho¨rmander condition lie in locally uni-
formly Sobolev spaces. If ‖a‖Hs(Rn) = ‖〈ξ〉s|â(·)|‖L2(Rn), denotes the Sobolev
norm of a function a, a symbol σ belongs to the locally uniformly Sobolev space
Hs, if
‖σ‖l.u.,Hs(Rn) = sup
k∈Z
‖σ(2k·)φ‖Hs(Rn) = sup
k∈Z
2k(s−
n
2
)‖σ(·)φ(2−k·)‖Hs(Rn) <∞,
(3.1)
where φ is a function with compact support on Rn. The space defined by the
previous norm is independent of the choice of the function φ. So, we will consider
a test function ϕ supported in {1/2 < |ξ| < 4} with ϕ = 1 on {1 ≤ |ξ| ≤ 2}.
Throughout this article, we write φ(ξ) = ϕ(|ξ|). We freely use the notations and
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concepts introduced above and in the previous section. We would like to begin
this section with the following result.
Theorem 3.1. Let us assume that m satisfies the Ho¨rmander condition of order
s > 0
‖m‖L∞(Tn,l.u.,Hs
loc
(Rn)) := ess sup
x∈Tn
‖m(x, ·)‖l.u.,Hs
loc
<∞. (3.2)
Then the multilinear periodic pseudo-differential operator Tm associated with m
extends to a bounded operator from Lp1(Tn)×Lp2(Tn)×· · ·×Lpr(Tn) into Lp(Tn)
provided that s > 3nr
2
and
1
p
=
1
p1
+ · · ·+ 1
pr
, 1 ≤ p <∞, 1 ≤ pi ≤ ∞. (3.3)
Proof. The proof consists of two steps. First, we will prove that Tm extends to a
bounded operator from Lp×L∞×· · ·×L∞×L∞ into Lp(Tn), for all 1 ≤ p <∞.
Secondly, we conclude the proof by the real multilinear interpolation. Let us
assume that Tm satisfies the multilinear Ho¨rmander condition for s >
3nr
2
. In
order to prove the boundedness of Tm from L
p×L∞×· · ·×L∞×L∞ into Lp(Tn),
we will use the following property, ‖Tmf‖Lp(Tn) = sup‖g‖
Lp
′=1 |〈Tmf, g〉|. Now, for
f := (f1, f2, · · · , fr) ∈ D(Tn)r we have
|〈Tmf, g〉| ≤ |〈T0f, g〉|+
∞∑
k=0
|〈Tm(k)f, g〉|, (3.4)
where Tm(k) is the multilinear periodic pseudo-differential operator associated
with symbol
mk(x, ξ) = m(x, ξ) · 1[2k,2k+1)(|ξ|) = m(x, ξ) · ϕk(|ξ|) = m(x, ξ) · φk(ξ),
and T0 is the operator associated with symbol m(x, 0)δξ,0. For zj ∈ Tn, z =
(z1, z2, · · · , zr) ∈ Tnr, the inversion formula for the Fourier transform gives
|〈Tm(k)f, g〉| =
∣∣∣∣∫
Tn
Tm(k)f(x)g(x)dx
∣∣∣∣
= |
∫
Tn
∑
2k≤|ξ|<2k+1
mk(x, ξ)f̂1(ξ1) · · · f̂r(ξr)ei2πx(ξ1+···+ξr)g(x)dx|
≤
∑
2k≤|ξ|<2k+1
|
∫
Tn
mk(x, ξ)f̂1(ξ1) · · · f̂r(ξr)ei2πx(ξ1+···+ξr)g(x)dx|
=
∑
2k≤|ξ|<2k+1
|
∫
Tn
∫
Rnr
e−i2πzξF−1[mk(x, ·)](z)dz
× f̂1(ξ1) · · · f̂r(ξr)ei2πx(ξ1+···+ξr)g(x)dx|
≤
∑
2k≤|ξ|<2k+1
sup
x∈Tn
∫
Rnr
|F−1[mk(x, ·)]|(z)dz‖f1‖Lp
r∏
j=2
‖fj‖L∞ · ‖g‖Lp′
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Consequently,
|〈Tm(k)f, g〉| ≤
∑
2k≤|ξ|<2k+1
sup
x∈Tn
(∫
Rnr
〈z〉2s|F−1[mk(x, ·)](z)|2dz
) 1
2
(∫
Rnr
〈z〉−2sdz
) 1
2
× ‖f1‖Lp
r∏
j=2
‖fj‖L∞ · ‖g‖Lp′ ,
where we have used that
(∫
Rnr
〈z〉−2sdz) 12 < ∞ for s > nr
2
. Hence we have the
following estimate for the norm of Tm(k),
‖Tm(k)‖B(Lp×(L∞)r−1, Lp) .
∑
2k≤|ξ|<2k+1
sup
x∈Tn
(∫
Rnr
〈z〉2s|F−1[mk(x, ·)](z)|2dz
) 1
2
≤
∑
2k≤|ξ|<2k+1
2−k(s−
nr
2
)‖m‖l.u.,Hs
loc
≍ 2knr2−k(s−nr2 )‖m‖l.u.,Hs
loc
= 2−k(s−
3nr
2
)‖m‖l.u.,Hs
loc
.
So, we obtain the following upper bound for the series
∞∑
k=1
‖Tm(k)‖B(Lp×(L∞)r−1, Lp) . ‖m‖l.u.,Hsloc ×
∞∑
k=1
2−k(s−
3nr
2
)
which converges provided that s > 3nr
2
. Now, it is easy to see that
‖T0‖B(Lp×(L∞)r−1, Lp) . ‖m(·, 0)‖L∞(Tn).
As a consequence we get
‖Tm‖B(Lp×(L∞)r−1, Lp) ≤ C(‖m‖l.u.,Hsloc + ‖m(·, 0)‖L∞(Tn)).
So, we conclude the proof of first step. Now, a similar argument shows that the
Ho¨rmander condition of order s > 3nr
2
implies the boundedness of Tm from Tm
from L∞ × · · · × Lp × · · · × L∞ into Lp(Tn), where the Lp-space appears only in
one of the k-positions of the product, for k = 2, 3, · · · , r. Now, the boundedness
of Tm from L
p1 × Lp2 × · · · × Lpr into Lp(Tn) provided that
1
p
=
1
p1
+ · · ·+ 1
pr
(3.5)
follows by using the real multilinear interpolation. 
3.2. Lp-boundedness for periodic multilinear pseudo-differential opera-
tors in periodic Kohn-Nirenberg classes. In this subsection we study the
Lp-boundedness for periodic multilinear pseudo-differential operators. The multi-
linear symbols are considered in periodic Kohn-Nirenberg classes. More precisely
we consider symbols satisfying inequalities of the type,
sup
x∈Tn
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(x, ξ1, · · · , ξr)| ≤ Cα〈ξ〉m−|α|, (3.6)
PERIODIC AND DISCRETE MULTILINEAR OPERATORS ON LEBESGUE SPACES 11
for all |α| := |α1| + · · · + |αr| ≤ N1, 1 ≤ N1 < ∞. Here ∆αjξj := ∆
αj1
ξj1
· · ·∆αjnξjn is
the composition of difference operators ∆
αjk
ξjk
, 1 ≤ k ≤ n, defined by
∆ξjkf(x) = f(x+ ek)− f(x), x ∈ Zn, ek(j) := δkj.
Our starting point is the following result due to Ruzhansky and Turunen (see
Corollary 4.5.7 of [57]).
Lemma 3.2. Let 0 ≤ δ ≤ 1, 0 ≤ ρ < 1. Let a : Tn × Rn → C satisfying
|∂αξ ∂βxa(x, ξ)| ≤ C(1)aαβm〈ξ〉m−ρ|α|+δ|β|, (3.7)
for |α| ≤ N1 and |β| ≤ N2. Then the restriction a˜ = a|Tn×Zn satisfies the estimate
|∆αξ ∂βx a˜(x, ξ)| ≤ CaαβmC(1)aαβm〈ξ〉m−ρ|α|+δ|β|, (3.8)
for |α| ≤ N1 and |β| ≤ N2. The converse holds true, i.e, if a symbol a˜(x, ξ) on
Tn × Zn satisfies (ρ, δ)-inequalities of the form
|∆αξ ∂βx a˜(x, ξ)| ≤ C(2)aαβm〈ξ〉m−ρ|α|+δ|β|, (3.9)
then a˜(x, ξ) is the restriction of a symbol a(x, ξ) on Tn ×Rn satisfying estimates
of the type
|∂αξ ∂βxa(x, ξ)| ≤ CaαβmC(2)aαβm〈ξ〉m−ρ|α|+δ|β|. (3.10)
Now, we present the main result of this subsection.
Theorem 3.3. Let us assume that m satisfies the discrete symbol inequalities
sup
x∈Tn
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(x, ξ1, · · · , ξr)| ≤ Cα〈ξ〉−|α|, (3.11)
for all |α| := |α1| + · · ·+ · · ·+ |αr| ≤ [3nr/2] + 1. Then the periodic multilinear
pseudo-differential operator Tm extends to a bounded operator from L
p1(Tn) ×
Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn) provided that
1
p
=
1
p1
+ · · ·+ 1
pr
, 1 ≤ p <∞, 1 ≤ pi ≤ ∞. (3.12)
Proof. Let us assume that m satisfies
sup
x∈Tn
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(x, ξ1, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr |, (3.13)
for all |α| := |α1| + · · ·+ |αr| ≤ [3nr/2] + 1. Define symbol ax(ξ) := m(x, ξ), for
every x ∈ Tn, ξ := (ξ1, · · · , ξr) ∈ Znr. Clearly, we have
sup
x∈Tn
|∆αξ ax(ξ)| ≤ Cα〈ξ〉−|α|, (3.14)
for all |α| ≤ [3nr/2] + 1. Now, by using Lemma 3.2, there exists a˜x such that
ax = a˜x|Znr and
|∂αξ a˜x(ξ)| ≤ Cα′ · Cα〈ξ〉−|α|, |α| ≤ [3nr/2] + 1. (3.15)
Now, taking into account that
‖a˜x‖l.u.,Hs
loc
(Rnr) . sup
ξ∈Rn
sup
|α|≤[3nr/2]+1
〈ξ〉|α||∂αξ a˜x(ξ)| ≤ sup
|α|≤[3nr/2]+1
Cα′ · Cα, (3.16)
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for 3nr
2
< s < [3nr/2] + 1, we deduce
‖a˜(x, ξ)‖L∞(Tnx ,l.u.,Hsloc(Rnξ )) := ess sup
x∈Tn
‖a˜x‖l.u.,Hs
loc
(Rnr) . sup
|α|≤[3nr/2]+1
Cα′ · Cα <∞,
(3.17)
where a˜(x, ξ) := a˜x(ξ). Finally, by Theorem 3.1 the periodic multilinear pseudo-
differential operator Ta˜, extends to a bounded operator from L
p1(Tn)×Lp2(Tn)×
· · · × Lpr(Tn) into Lp(Tn) provided that
1
p
=
1
p1
+ · · ·+ 1
pr
. (3.18)
Thus, by using the equality of periodic multilinear pseudo-differential operators
Ta˜ = Tm we conclude the proof. 
3.3. Boundedness of multilinear Fourier integral operators vs bounded-
ness of periodic Fourier integral operators. In this subsection we study the
relation between the boundedness of multilinear Fourier integral operators and
the boundedness of periodic multilinear Fourier integral operators. Our starting
point is the following lemma (see Lemma 3.2 in [10] ).
Lemma 3.4. Suppose f is a continuous periodic function on Rn and let {gm}m be
a sequence of uniformly bounded continuous periodic functions on Rn. If {gm}m
converges pointwise to a function g defined on Rn and {ǫm}m is a positive sequence
of real numbers, then
lim
m→∞
ǫ
n
2
m
∫
Rn
e−ǫm|x|
2
f(x)gm(x)dx =
∫
Tn
f(x)g(x)dx (3.19)
provided that ǫm → 0.
The following theorem is a multilinear version of Theorem 3.1 in [10] which in
turn is a generalization of a classical multiplier theorem by Stein and Weiss.
Theorem 3.5. Let 1 < p < ∞ and let φ be a real valued continuous function
defined on Tn×Rnr. Let us assume that a : Tn×Rnr → C is a continuous bounded
function and the multilinear Fourier integral operator
Tf(x) =
∫
Rnr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)f̂1(ξ1) · · · f̂r(ξr)dξ (3.20)
extends to a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn)
into Lp(Rn). Then the periodic multilinear Fourier integral operator
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
(3.21)
also extends to a bounded multilinear operator from Lp1(Tn) × Lp2(Tn) × · · · ×
Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Moreover, there exists a positive constant Cp such that
‖A‖B(Lp1 (Tn)×Lp2 (Tn)×···×Lpr (Tn),Lp(Tn)) ≤ Cp‖T‖B(Lp1 (Rn)×Lp2 (Rn)×···×Lpr (Rn),Lp(Rn)).
PERIODIC AND DISCRETE MULTILINEAR OPERATORS ON LEBESGUE SPACES 13
Proof. For the proof, we first prove the following identity for trigonometric poly-
nomials Pi and Q on T
n
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= cn,r,p
∫
Tn
A(P1, P2, · · · , Pr)Q(x)dx, wδ(x) = e−δ|x|2, δ > 0, (3.22)
for some positive constant cn,r,p > 0. We will assume that
r∑
j=1
αj + β = 1, αi, β > 0.
By linearity we only need to prove (3.22) when Pi(xi) = e
i2πmixi and Q(x) = ei2πkx
for k and mi in Z
n, 1 ≤ i ≤ r. The right hand side of (3.22) can be computed as
follows, ∫
Tn
(A(P1, P2, · · · , Pr))(x)Q(x)dx
=
∫
Tn
(∑
ξ∈Znr
eiφ(x,ξ)a(x, ξ)δm1,ξ1δm2,ξ2 · · · δmr ,ξr
)
Q(x)dx
=
∫
Tn
eiφ(x,m1,m2,··· ,mr)a(x,m1, m2, · · · , mr)Q(x)dx
=
∫
Tn
eiφ(x,m1,m2,··· ,mr)−i2πkxa(x,m1, m2, · · · , mr)dx.
Now, we compute the left hand side of (3.22). Taking under consideration that
the euclidean Fourier transform of Pi(x)wαiε is given by
FRn(Pjwαjε)(ξj) = (αjε)
−n
2 e−|ξj−mj |
2/αjε, (3.23)
by the Fubini theorem we have∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
=
∫
Rn
∫
Rnr
eiφ(x,ξ)a(x, ξ)
r∏
j=1
(αjε)
−n
2 e−|ξj−mj |
2/αjεQ(x)wεβ(x)dξdx
=
∫
Rn
∫
Rnr
eiφ(x,ξ)−i2πkxe−πεβ|x|
2
a(x, ξ)dx
r∏
j=1
(αjε)
−n
2 e−|ξj−mj |
2/αjεdξ
=
∫
Rn
∫
Rnr
eiφ(x,(α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a(x, (α1ε)
1
2 η1 +m1, · · · , (αrε) 12 ηr +mr)e−πεβ|x|2dxe−|η|2dη.
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So, we have
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
∫
Rnr
eiφ(x,(α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a(x, (α1ε)
1
2 η1 +m1, · · · , (αrε) 12 ηr +mr)e−πεβ|x|2dxe−|η|2dη.
By Lemma 3.4, we have
lim
ε→0
(βε)n/2
∫
Rn
∫
Rnr
eiφ(x,(α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a(x, (α1ε)
1
2 η1 +m1, · · · , (αrε) 12ηr +mr)e−πεβ|x|2dxe−|η|2dη
=
∫
Tn
eiφ(x,m1,m2,··· ,mr)−i2πkxa(x,m1, m2, · · · , mr)dx.
Taking into account that
∫
Rnr
e−|η|
2
dη = πnr/2, and that a is a continuous bounded
function, by the dominated convergence theorem we have
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= β−n/2πnr/2
∫
Tn
eiφ(x,m)−i2πkxa(x,m)dx, m = (m1, · · · , mr).
If we assume that T is a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×
· · ·×Lpr(Rn) into Lp(Rn), then the restriction of A to trigonometric polynomials
is a bounded operator from Lp1(Rn) × Lp2(Rn) × · · · × Lpr(Rn) into Lp(Rn). In
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fact, if αi =
1
pi
and β = 1
p′
we obtain with cn,r,p = β
n/2π−nr/2,
‖A(P1, P2, · · · , Pr)‖Lp(Tn) = sup
‖Q‖
Lp
′
(Tn)
=1
∣∣∣∣∫
Tn
(A(P1, P2, · · · , Pr))(x)Q(x)dx
∣∣∣∣
= sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2cn,r,p
∣∣∣∣∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
∣∣∣∣
≤ sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2cn,r,p‖T‖B(Lp1×···×Lpr ,Lp)
n∏
j=1
‖Pjwε/pj‖Lpj (Rn)‖Qwε/p′‖Lp′(Tn)
≤ sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp1×···×Lpr ,Lp) lim
ε→0
cn,r,p
n∏
j=1
(
εn/2
∫
Rn
|Pj(x)|pe−πε|x|2dx
) 1
pj
×
(
εn/2
∫
Rn
|Q(x)|p′e−πε|x|2dx
) 1
p′
= sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp1×···×Lpr ,Lp)cn,r,p
(∫
Tn
|Pj(x)|pjdx
) 1
pj
(∫
Tn
|Q(x)|p′dx
) 1
p′
= cn,r,p‖T‖B(Lp1×···×Lpr ,Lp)
n∏
j=1
‖Pj‖Lpj (Tn).
Because the restriction of the periodic multilinear operator A to trigonometric
polynomials in every variable is a bounded multilinear operator from Lp1(Rn)×
Lp2(Rn) × · · · × Lpr(Rn) into Lp(Rn), this restriction admits a unique bounded
multilineal extension Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn) into Lp(Rn). So, we finish
the proof. 
Now, we consider the following special case, but, we remove the previous con-
dition on the periodicity of the phase function by considering the particular one
φ(x, ξ) = (x, ξ) := x · ξ.
Theorem 3.6. Let 1 < p < ∞ and let a : Rnr → C be a continuous bounded
function. Let us assume that the multilinear Fourier multiplier operator
Tf(x) =
∫
Rnr
ei2π(x,ξ1,ξ2,··· ,ξr)a(ξ1, ξ2, · · · ξr)f̂1(ξ1) · · · f̂r(ξr)dξ (3.24)
extends to a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn)
into Lp(Rn). Then the periodic multilinear Fourier multiplier
Af(x) :=
∑
ξ∈Znr
ei2π(x,ξ1,ξ2,··· ,ξr)a(ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr) (3.25)
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also extends to a bounded multilinear operator from Lp1(Tn) × Lp2(Tn) × · · · ×
Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Moreover, there exists a positive constant Cp such that the following inequality
holds.
‖A‖B(Lp1 (Tn)×Lp2 (Tn)×···×Lpr (Tn),Lp(Tn)) ≤ Cp‖T‖B(Lp1 (Rn)×Lp2 (Rn)×···×Lpr (Rn),Lp(Rn)).
Proof. Similar to our previous result for Fourier integral operators, for the proof
of this theorem also we first prove the following identity for trigonometric poly-
nomials Pi and Q on T
n
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= cn,r,p
∫
Tn
A(P1, P2, · · · , Pr)Q(x)dx, wδ(x) = e−δ|x|2, δ > 0, (3.26)
for some positive constant cn,r,p > 0. We will assume that
n∑
j=1
αj + β = 1, αi, β > 0.
By linearity we only need to prove (3.26) when Pi(xi) = e
i2πmixi and Q(x) = ei2πkx
for k and mi in Z
n, 1 ≤ i ≤ r. The right hand side of (3.26) can be computed as
follows, ∫
Tn
(A(P1, P2, · · · , Pr))(x)Q(x)dx
=
∫
Tn
(∑
ξ∈Znr
ei2π(x,ξ)a(ξ)δm1,ξ1δm2,ξ2 · · · δmr ,ξr
)
Q(x)dx
=
∫
Tn
ei2π(x,m1,m2,··· ,mr)a(m1, m2, · · · , mr)Q(x)dx
=
∫
Tn
ei2π(x,m1,m2,··· ,mr)−i2πkxa(m1, m2, · · · , mr)dx
= a(m1, m2, · · · , mr)δk,∑rj=1mj .
Now, we compute the left hand side of (3.26). Taking under consideration that
the euclidean Fourier transform of Pi(x)wαiε is given by
FRn(Pjwαjε)(ξj) = (αjε)
−n
2 e−|ξj−mj |
2/αjε, (3.27)
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by the Fubini theorem we have∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
=
∫
Rn
∫
Rnr
ei2π(x,ξ)a(ξ)
r∏
j=1
(αjε)
−n
2 e−|ξj−mj |
2/αjεQ(x)wεβ(x)dξdx
=
∫
Rn
∫
Rnr
ei2π(x,ξ)−i2πkxe−πεβ|x|
2
a(ξ)dx
r∏
j=1
(αjε)
−n
2 e−|ξj−mj |
2/αjεdξ
=
∫
Rn
∫
Rnr
ei2π((α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a((α1ε)
1
2η1 +m1, · · · , (αrε) 12ηr +mr)e−πεβ|x|2dxe−|η|2dη.
So, we have
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
∫
Rnr
ei2π(x,(α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a((α1ε)
1
2η1 +m1, · · · , (αrε) 12ηr +mr)e−πεβ|x|2dxe−|η|2dη.
By Lemma (3.4), we have
lim
ε→0
(βε)n/2
∫
Rn
∫
Rnr
ei2π(x,(α1ε)
1
2 η1+m1,··· ,αrε)
1
2 ηr+mr)−i2πkx
a((α1ε)
1
2η1 +m1, · · · , (αrε) 12 ηr +mr)e−πεβ|x|2dxe−|η|2dη
=
∫
Tn
ei2π(x,m1,m2,··· ,mr)−i2πkxa(m1, m2, · · · , mr)dx
∫
Rnr
e−|η|
2
dη,
= a(m1, m2, · · · , mr)δk,∑rj=1mj
∫
Rnr
e−|η|
2
dη.
Taking into account that
∫
Rnr
e−|η|
2
dη = πnr/2, and that a is a continuous bounded
function, by the dominated convergence theorem we have
lim
ε→0
εn/2
∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx (3.28)
= (1/β)n/2πnr/2a(m1, m2, · · · , mr)δk,∑rj=1 mj . (3.29)
If we assume that T is a bounded multilinear operator from Lp1(Rn)×Lp2(Rn)×
· · ·×Lpr(Rn) into Lp(Rn), then the restriction of A to trigonometric polynomials
is a bounded operators on from Lp1(Rn)× Lp2(Rn)× · · · × Lpr(Rn) into Lp(Rn).
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In fact, if αi =
1
pi
and β = 1
p′
we obtain for cn,r,p = β
n/2π−nr/2,
‖A(P1, P2, · · · , Pr)‖Lp(Tn) = sup
‖Q‖
Lp
′
(Tn)
=1
∣∣∣∣∫
Tn
(A(P1, P2, · · · , Pr))(x)Q(x)dx
∣∣∣∣
= sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2cn,r,p
∣∣∣∣∫
Rn
(T (P1wα1ε, P2wα2ε, · · · , Prwαrε))(x)Q(x)wεβ(x)dx
∣∣∣∣
≤ sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2cn,p,r‖T‖B(Lp1×···×Lpr ,Lp)
n∏
j=1
‖Pjwε/pj‖Lpj (Rn)‖Qwε/p′‖Lp′(Tn)
≤ sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp1×···×Lpr ,Lp) lim
ε→0
cn,r,p
n∏
j=1
(
εn/2
∫
Rn
|Pj(x)|pe−πε|x|2dx
) 1
pj
×
(
εn/2
∫
Rn
|Q(x)|p′e−πε|x|2dx
) 1
p′
= sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp1×···×Lpr ,Lp)cn,r,p
n∏
j=1
(∫
Tn
|Pj(x)|pjdx
) 1
pj
(∫
Tn
|Q(x)|p′dx
) 1
p′
= ‖T‖B(Lp1×···×Lpr ,Lp)cn,r,p
n∏
j=1
‖Pj‖Lpj (Tn).
Because the restriction of the periodic multilinear operator A to trigonometric
polynomials in every variable is a bounded multilinear operator from Lp1(Rn)×
Lp2(Rn) × · · · × Lpr(Rn) into Lp(Rn), this restriction admits a unique bounded
multilineal extension Lp1(Rn)×Lp2(Rn)×· · ·×Lpr(Rn) into Lp(Rn). So, we finish
the proof. 
Theorem 3.7. Let Tm be a periodic multilinear Fourier multiplier. Let us assume
that the symbol m satisfies the estimates
|∆α1ξ1 · · ·∆αrξr m(ξ1, ξ2, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr |, |α| ≤ [
nr
2
] + 1.
Then the operator Tm extends to a bounded multilinear operator from L
p1(Tn)×
Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Proof. Let us assume that the multilinear symbol m satisfies:
‖m‖l.u.,Hs(Rnr) := sup
k∈Z
‖m(2kη1, 2kη2, · · · , 2kηr)φ‖Hs <∞,
φ ∈ D(0,∞), s > nr/2. From Tomita multilinear theorem [58], this condition
implies the boundedness of a multilinear Fourier multiplier associated with m
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from Lp1(Rn)× Lp2(Rn)× · · · × Lpr(Rn) into Lp(Rn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
So, by applying Theorem 3.6 we deduce the boundedness of the periodic multi-
linear operator Tm from L
p1(Tn)×Lp2(Tn)× · · ·×Lpr(Tn) into Lp(Tn). Now, let
us assume that m satisfies
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(ξ1, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr |,
for all |α| := |α1|+ · · ·+ |αr| ≤ [nr/2]+1. Now, by using Lemma 3.2, there exists
a˜ such that m = a˜|Znr and
|∂αξ a˜(ξ)| ≤ Cα′ · Cα〈ξ〉−|α|, |α| ≤ [nr/2] + 1.
Now, taking into account that
‖a˜‖l.u.,Hs
loc
(Rnr) . sup
ξ∈Rn
sup
|α|≤[nr/2]+1
〈ξ〉|α||∂αξ a˜(ξ)| ≤ sup
|α|≤[nr/2]+1
Cα′ · Cα,
for nr
2
< s < [nr/2] + 1, we deduce
‖a˜(ξ)‖l.u.,Hs
loc
(Rn
ξ
) . sup
|α|≤[nr/2]+1
Cα′ · Cα <∞.
Finally, by the first part of the proof, the periodic multilinear pseudo-differential
operator Ta˜, extends to a bounded operator from L
p1(Tn)×Lp2(Tn)×· · ·×Lpr(Tn)
into Lp(Tn) provided that
1
p
=
1
p1
+ · · ·+ 1
pr
.
Thus, by using the equality of periodic multilinear pseudo-differential operators
Ta˜ = Tm we conclude the proof. 
The previous multilinear result and the Sobolev embedding theorem give the
following theorem where we relax the number of derivatives imposed in the mul-
tilinear pseudo-differential theorem proved in the preceding subsection.
Theorem 3.8. Let Tm be a periodic multilinear pseudo-differential operator. Let
us assume that m satisfies toroidal conditions of the type,
|∂βx∆α1ξ1 · · ·∆αrξr m(x, ξ1, ξ2, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr|,
where |α| ≤ [nr
2
]+ 1, and |β| ≤ [n
p
]+ 1. Then Tm extends to a bounded multilinear
operator from Lp1(Tn)× Lp2(Tn)× · · · × Lpr(Tn) into Lp(Tn), provided that
1
p1
+ · · ·+ 1
pr
=
1
p
, 1 ≤ pi <∞.
Proof. For every z ∈ Tn, let us define the multilinear operator
Azf(x) :=
∑
ξ∈Znr
ei2π(x,ξ)a(z, ξ1, · · · , ξr)
r∏
j=1
(FTnfj)(ξj).
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Taking into account the identity Axf(x) = Tmf(x), an application of the Sobolev
embedding theorem gives,
‖Tmf‖pLp(Tn) =
∫
Tn
|Axf(x)|pdx ≤
∫
Tn
sup
z∈Tn
|Azf(x)|pdx
.
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|∂βzAzf(x)|p dz dx
=
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|∂βzAzf(x)|p dx dz
∑
|β|≤[n
p
]+1
∫
Tn
‖∂βzAzf‖pLp(Tn)dz.
Taking into account that the multilinear operator ∂βzAz, has multilinear symbol
∂βzm(z, ·), satisfying the estimates,
|∆α1ξ1 · · ·∆αrξr [∂βzm](z, ξ1, ξ2, · · · , ξr)| ≤ Cα〈ξ〉−|α1|−···−|αr |,
where |α| ≤ [nr
2
]+1, we can deduce the boundedness of every operator, ∂βzAz from
Lp1(Tn) × Lp2(Tn) × · · · × Lpr(Tn) into Lp(Tn), 1
p1
+ · · ·+ 1
pr
= 1
p
, 1 ≤ pi < ∞,
with operator norm uniformly bounded in z ∈ Tn. So, we have,
‖Tmf‖pLp(Tn) .
∑
|β|≤[n
p
]+1
sup
z∈Tn
‖∂βzAz‖pB(Lp1×···×Lpr ,Lp)‖f‖pLp1 (Tn)×···×Lpr (Tn).
Thus, we conclude the proof. 
We end our analysis with the following application to PDEs.
Remark 3.9 (Kato-Ponce inequality on the torus). Kato-Ponce inequalities are
estimates of the form,
‖J s(f · g)‖Lr(Rn) . ‖J sf‖Lp1(Rn)‖g‖Lq1(Rn) + ‖f‖Lp2(Rn)‖J sg‖Lq2(Rn) (3.30)
where 1
p1
+ 1
q1
= 1
p2
+ 1
q2
= 1
r
. Usually, we can take J s = ( 1
4π2
∆x)
s/2 or J s =
(1+ 1
4π2
∆x)
s/2 where ∆x = −
∑n
j=1 ∂
2
xj
is the Laplacian on Rn. As it was pointed
out in Grafakos [34], Kato and Ponce used this estimate to obtain commutator
estimates for the Bessel operator which in turn they applied to obtain estimates
for the Euler and Navier-Stokes equations.
The aim of this remark is to deduce the periodic Kato-Ponce inequality (3.37)
(see Muscalu and Schlag [49]) from Theorem 3.3. For this, we follow Grafakos
[34]. Consider the bilinear operator
Bs(f, g) = J
s(f · g), f, g ∈ D(Tn), s > 0, (3.31)
with Js = (L) s2 or Js = (I +L) s2 . Here, L := ∆Tn = − 14π2 (
∑n
j=1 ∂
2
θj
), denotes the
Laplacian on the torus Tn.
If s > 0 and Js = (L) s2 , then the operator Bs has the form
Bs(f, g)(x) = J
s(f · g)(x) =
∑
ξ∈Zn
ei2πx·ξ|ξ|sFTn(f · g)(ξ), x ∈ Tn. (3.32)
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Since f(x)·g(x) = F−1
Tn
[FTnf ∗FTng](x), we have that FTn(f ·g) = FTnf ∗FTng,
and consequently,∑
ξ∈Zn
ei2πx·ξ|ξ|sFTn(f ·g)(ξ) =
∑
ξ,η∈Zn
ei2πx·(ξ+η)|ξ+η|sFTn(f)(ξ)FTn(g)(η). (3.33)
We now note that Bs is a periodic bilinear operator associated to symbol σ(ξ, η) =
|ξ+η|s. If φ ∈ D(R) is compactly supported in [−2, 2] with φ(t) = 1 for 0 ≤ t ≤ 1,
we can split the bilinear symbol σ as
σ(ξ, η) =
( |ξ + η|s
|ξ|s (1− φ)(|ξ|/|η|)
)
|ξ|s +
( |ξ + η|s
|η|s (φ)(|ξ|/|η)
)
|η|s. (3.34)
Putting
τ(ξ, η) :=
|ξ + η|s
|ξ|s (1− φ)(|ξ|/|η|), α(ξ, η) :=
|ξ + η|s
|η|s (φ)(|ξ|/|η), (3.35)
we obtain
Bs(f, g) = Tτ (J
sf, g) + Tα(f, J
sg). (3.36)
Since the bilinear symbols τ(ξ, η) = τ(x, ξ, η) and α(ξ, η) = α(x, ξ, η) satisfy the
hypothesis of Theorem 3.3,
sup
x∈Tn
|∆α1ξ1 ∆α2ξ2 · · ·∆αrξr m(x, ξ1, · · · , ξr)| ≤ Cφ,m,α〈ξ〉−|α|, m = α, or m = τ,
for all |α| ≤ 3n + 1, we obtain the periodic Kato-Ponce inequality,
‖Js(f · g)‖Lr(Tn) . ‖Jsf‖Lp1(Tn)‖g‖Lq1(Tn) + ‖f‖Lp2(Tn)‖Jsg‖Lq2 (Tn) (3.37)
where 1
p1
+ 1
q1
= 1
p2
+ 1
q2
= 1
r
, 1 < r < ∞, 1 ≤ pi, qi ≤ ∞. A similar analysis can
be applied when Js = (I + L) s2 .
3.4. Boundedness of multilinear pseudo-differential operators on Zn. In
this subsection we provide some results on the boundedness of discrete pseudo-
differential operators in the multilinear context. By following Botchway Kibiti
and Ruzhansky [5], a symbol σ belongs to the discrete Ho¨rmander class Smρ,δ(Z
n×
Tn), if it satisfies discrete inequalities of the type
|D(β)ξ ∆αℓ σ(ℓ, ξ)| ≤ Cα,β〈ℓ〉m−ρ|α|+δ|β|.
Taking as starting point this definition, we will investigate the Lp boundedness
of discrete multilinear pseudo-differential operators with multilinear symbols sat-
isfying inequalities of the type.
|∂βξ∆αℓ σ(ℓ, ξ)| ≤ Cα,β〈ℓ〉m−ρ|α|+δ|β|, ℓ ∈ Zn, ξ ∈ Tnr.
Now, we present the following discrete boundedness theorem.
Theorem 3.10. Let σ ∈ L∞(Zn, C2κ(Tnr)). Let us assume that σ satisfies the
following discrete inequalitiess
|∂βξ σ(ℓ, ξ)| ≤ Cβ, ℓ ∈ Zn, ξ ∈ Tnr, σ(ℓ, ξ) = σ(ℓ)(ξ),
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for all β with |β| = 2κ. Then Tσ extends to a bounded operator from Lp1(Zn) ×
Lp2(Zn)× · · · × Lpr(Zn) into Ls(Zn) provided that 1 ≤ pj ≤ p ≤ ∞, and
1
s
− 1
p
<
2κ
nr
− 1.
Proof. For a compactly supported function f = (f1, f2, · · · , fr), we have
Tσf(ℓ) =
∫
Tnr
ei2πℓ(ξ1+···+ξr)σ(ℓ, ξ)(FZnf1)(ξ1) · · · (FZnfr)(ξr)dξ,
=
∑
ℓ′∈Znr
∫
Tnr
ei2πℓ(ξ1+···+ξr)−ℓ
′·ξσ(ℓ, ξ)dξ
 f1(ℓ′1) · · ·fr(ℓ′r)
=
∑
ℓ′∈Znr
∫
Tnr
ei2π(ℓ˜−ℓ
′)·ξσ(ℓ, ξ)dξ
f1(ℓ′1) · · · fr(ℓ′r)
=
∑
ℓ′∈Znr
∫
Tnr
ei2π(ℓ˜−ℓ
′)·ξσ(ℓ, ξ)dξ
f1(ℓ′1) · · · fr(ℓ′r)
=
∑
ℓ′∈Znr
κ(ℓ˜, ℓ′)f1(ℓ
′
1) · · ·fr(ℓ′r),
where κ(ℓ˜, ℓ′) =
∫
Tnr
ei2π(ℓ˜−ℓ
′)·ξσ(ℓ, ξ)dξ, and ℓ˜ = (ℓ, ℓ, · · · , ℓ) is the notation used
in the previous subsection. Now, by applying integration by parts, we get∫
Tnr
ei2π(ℓ˜−ℓ
′)·ξσ(ℓ, ξ)dξ = 〈ℓ˜− ℓ′〉−2κ
∫
Tnr
ei2π(ℓ˜−ℓ
′)·ξ(I − 1
4π2
LTnr)κ[σ](ℓ, ξ)dξ.
Consequently, we have the estimate,
|κ(ℓ˜, ℓ′)| ≤ Cκ〈ℓ˜− ℓ′〉−2κ.
So, if f(ℓ′) = f1(ℓ
′
1) · · ·fr(ℓ′r), for every ℓ ∈ Zn,
|Tσf(ℓ)| .
∑
ℓ′∈Znr
〈ℓ˜− ℓ′〉−2κf(ℓ′) = (〈ℓ˜− ·〉−2κ ∗ |f |)(ℓ),
where ∗ is the convolution on sequences. By the Hausdorff-Young inequality, we
have the inequality
‖Tσf‖Ls(Zn) ≤ C‖〈ℓ˜− ·〉−2κ‖Lq(Znr)‖f‖Lp(Znr) = ‖〈ℓ′〉−2κ‖Lq(Znr)
r∏
j=1
‖fj‖Lp(Zn),
for 1 + 1
s
= 1
p
+ 1
q
. We require 2qκ > nr or equivalently q > nr
2κ
, in order that
‖〈ℓ〉−2κ‖Lq(Znr) < ∞. So, by the hypothesis 1s − 1p < 2κnr − 1, we can take q =
(1
s
− 1
p
+ 1)−1 in the previous inequality. Now, by taking into account that
r∏
j=1
‖fj‖Lp(Zn) ≤
r∏
j=1
‖fj‖Lpj (Zn), pj ≤ p ≤ ∞,
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we finish the proof. 
As a consequence of the previous result, for r = 1 and s = p we obtain the
following Lp-estimate for discrete pseudo-differential operators.
Corollary 3.11. Let σ ∈ C2κ(Zn × Tn). Let us assume that σ satisfies the fol-
lowing discrete inequalities
|∂βξ σ(ℓ, ξ)| ≤ Cβ, ℓ ∈ Zn, ξ ∈ Tn,
for all β with |β| = 2κ. Then Tσ extends to a bounded operator from Lp(Zn)) into
Lp(Zn) provided that 1 ≤ p ≤ ∞, and κ > n/2.
Let us mention that Corollary 3.11 implies the Lp-boundedness of pseudo-
differential operators associated to the discrete Ho¨rmander class S00,0(Z
n × Tn)
introduced in Botchway, Kibiti and Ruzhansky [5].
4. Nuclear multilinear integral operators on Lp(µ)-spaces
We are interested in the nuclearity of multilinear pseudo-differential operators
on Zn and the torus Tn. The study of the nuclear pseudo-differential operators
mainly depends upon a characterization of nuclear operators given by Delgado
[15, Theorem 2.4]. Therefore, it is clear that for studying the multilinear case
we need to develop Delgado’s result in the multilinear setting. In this section we
prove a multilinear version of Delgado theorem.
We recall the definition of a nuclear operator on a Banach space. Let E and
F be two Banach spaces. A linear operator T : E → F is called s-nuclear,
0 < s ≤ 1, if there exist sequences {gn}n ⊂ E ′ and {hn}n ⊂ F such that∑
n ‖gn‖sE′ ‖hn‖sF <∞ and for every f ∈ E, we have
Tf =
∑
n
〈f, gn〉hn.
If s = 1 then T is called nuclear operator.
Let (Xi, µi), 1 ≤ i ≤ r be σ-finite measure spaces. At times, we write∫
X1
∫
X2
· · ·
∫
Xr
f(x1, x2, · · · , xr)dµ(x1) dµ(x2), · · · , dµ(xr)
as ∫
X1.X2....,Xr
f(x)d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x),
where x = (x1, x2, · · · , xr) ∈ X1 ×X2 × . . .×Xr. We shall also use the notation
‖f‖Lp1(µ1)×···×Lpr (µr) = ‖ · · · ‖‖f(·, x2, · · · , xr)‖Lp1(µ1)‖Lp2(µ2) · · · ‖Lpr (µr). (4.1)
for the mixed norms. In particular, if f has the form f(x) =
∏
j fj(xj), then
‖f‖Lp1(µ1)×···×Lpr (µr) =
∏
j
‖fj‖Lpj (µj ).
We begin with the following important lemma.
24 D. CARDONA AND V. KUMAR
Lemma 4.1. Let (Xi, µi), 1 ≤ i ≤ r and (Y, ν) be finite measure spaces. Let
1 ≤ pi, p < ∞, 1 ≤ i ≤ r and let p′i, q be such that 1pi + 1p′i = 1,
1
p
+ 1
q
= 1 for
1 ≤ i ≤ r. Suppose f ∈ Lp1(µ1)×Lp2(µ2)×· · ·×Lpr(µr), where f = (f1, f2, . . . , fr)
such that each fi ∈ Lpi(µi), and {gn}n with gn = (gn1, gn2, . . . , gnr) and {hn}n are
two sequences in Lp
′
1(µ1) × Lp′2(µ2) × · · · × Lp′r(µr) and Lp(ν) respectively such
that
∑
n ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) <∞. Then
(i) limn
∑n
j=1 gj(x)hj(y) is finite for almost all (x, y) ∈ X1×X2×. . .×Xr×Y
and
∑∞
j=1 gj(x)hj(y) is absolutely convergent for almost all (x, y).
(ii) k ∈ L1(µ1 ⊗ µ2 ⊗ · · · ⊗ µr ⊗ ν), where k(x, y) =
∑∞
j=1 gj(x) hj(y).
(iii) If kn(x, y) =
∑n
j=1 gj(x) hj(y) then limn ‖kn − k‖1 = 0.
(iv)
lim
n
∫
X1,X2,...,Xr
(
n∑
j=1
gj(x) hj(y)
)
f(x)d(µ)(x)
=
∫
X1,X2,...,Xr
(
∞∑
n=1
gn(x) hn(y)
)
f(x)d(µ)(x),
where µ = µ1 ⊗ µ2 ⊗ · · · ⊗ µr
Proof. Let kn(x, y) =
∑n
j=1 hj(y) gj(x) f(x), where gj = (gj1, gj2, . . . , gjr) ∈ Lp
′
1(µ1)×
Lp
′
2(µ2)×· · ·×Lp′r(µr) and f = (f1, f2, . . . , fr) ∈ Lp1(µ1)×Lp2(µ2)×· · ·×Lpr(µr).
Now, by Ho¨lder’s inequality,∫
X1,X2,...,Xr
∫
Y
|kn(x, y)| dν(y) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
≤
∫
X1,X2,...,Xr
∫
Y
n∑
j=1
|hj(y) gj(x) f(x)| dν(y) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
≤
n∑
j=1
∫
Y
|hj(y)| dν(y)
∫
X1,X2,...,Xr
|gj(x) f(x)| d(µ1 ⊗ µ2 ⊗ . . .⊗ µr)(x)
≤
n∑
j=1
‖hj‖Lp(ν)(ν(Y ))
1
q ‖gj‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖f‖Lp1(µ1)×···×Lpr (µr)
= (ν(Y ))
1
q ‖f‖Lp1(µ1)×···×Lpr (µr)
n∑
j=1
‖hj‖Lp(ν)‖gj‖Lp′1(µ1)×Lp′2 (µ2)×···×Lp′r (µr)
≤M <∞ for all n ∈ N.
Therefore, ‖kn‖1 ≤ M for all n ∈ N. Set sn(x, y) =
∑n
j=1 |hj(y)gj(x)f(x)|. Note
that {sn}n is an increasing sequence in L1(µ1 ⊗ µ2 ⊗ · · · ⊗ µr ⊗ ν) and
sup
n
∫
X1,X2,...Xr
∫
Y
|sn(x, y| d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x) dν(y) < M.
Now, by monotone convergence theorem of B. Levi we get that limn sn(x, y) = s
exists and finite for almost all (x, y). Also, s ∈ L1(µ1 ⊗ µ2 ⊗ · · · ⊗ µr ⊗ ν). By
taking f = (1, 1, . . . , 1) and using |k(x, y| ≤ |s(x, y)|,the proof of Part (i) and
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Part (ii) follow. Since {kn}n is bounded by s(x, y) we can apply the Lebesgue
dominated convergence theorem to get Part (iii). To prove the last part, note
that |kn(x, y)| ≤ s(x, y) for all n ∈ N and almost all (x, y), where kn(x, y) =∑n
j=1 hj(y) gj(x)f(x). s ∈ L1(µ1 ⊗ µ2 ⊗ · · · ⊗ µr ⊗ ν) implies that s(x, · · · ) ∈
L1(µ1 ⊗ µ2 ⊗ · · · ⊗ µr) for almost all x ∈ X1 ⊗X2 ⊗ · · · ⊗Xr. Now, the proof of
Part (iv) follows using Lebesgue’s dominated convergence theorem. 
Next theorem present a characterization of the multilinear nuclear operators
for finite measure spaces.
Theorem 4.2. Let (Xi, µi), 1 ≤ i ≤ r and (Y, ν) be finite measure spaces. Let
1 ≤ pi, p < ∞, 1 ≤ i ≤ r and let p′i, q be such that 1pi + 1p′i = 1,
1
p
+ 1
q
= 1 for
1 ≤ i ≤ r. Let T : Lp1(µ) × Lp2(µ2) × · · · × Lpr(µr) → Lp(ν) be a multilinear
operator. Then T is a nuclear operator if and only if there exist sequences {gn}n
with gn = (gn1, gn2, . . . , gnr) and {hn}n in Lp′1(µ1)× Lp′2(µ2) × · · · × Lp′r(µr) and
Lp(ν) respectively such that
∑
n ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) < ∞ and
for all f = (f1, f2, . . . , fr) ∈ Lp1(µ)× Lp2(µ2)× · · · × Lpr(µr) we have
(Tf)(y) =
∫
X1,X2,··· ,Xr
(
∞∑
n=1
gn(x) hn(x)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
=
∫
X1
∫
X2
· · ·
∫
Xr
(
∞∑
n=1
gn1(x1) gn2(x2) . . . gnr(xr) hn(x)
)
× f1(x1) f2(x2) . . . fr(xr) dµ1(x1) dµ2(x2) · · · dµr(xr)
for almost every y ∈ Y.
Proof. Let T : Lp1(µ) × Lp2(µ2) × · · · × Lpr(µr) → Lp(ν) be a nuclear operator.
Then, by definition, there exist {gn}n ⊂ Lp′1(µ1) × Lp′2(µ2) × · · · × Lp′r(µr) and
{hn}n ⊂ Lp(ν) such that∑
n
‖gn‖Lp′1(µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) <∞
and
Tf =
∑
n
〈f, gn〉hn,
where 〈f, gn〉 = 〈f1, gn1〉〈f2, gn2〉 · · · 〈fr, gnr〉 with
〈fi, gni〉 =
∫
Xi
fi(x1) gni(xi) dµi(xi) 1 ≤ i ≤ r.
Thus,
Tf(y) =
∞∑
n=1
(∫
X1,X2,··· ,Xr
f(x)gn(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
)
hn(y),
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where sums converge in Lp(ν). Therefore, there exist subsequences {g˜n}n and
{h˜n}n of {gn}n and {hn}n respectively such that
(Tf)(y) =
∞∑
n=1
〈f, g˜n〉 h˜n(y) for almost every y ∈ Y.
{g˜n}n and {h˜n}n are being subsequence of {gn}n and {hn}n respectively also
satisfy
∑∞
n=1 ‖g˜n‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖h˜n‖Lp(ν) < ∞. By Lemma 4.1(iv), we
get
(Tf)(y) =
∞∑
n=1
(∫
X1,X2,...Xr
g˜n(x)f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
)
h˜n(y)
= lim
n
n∑
j=1
(∫
X1,X2,...Xr
g˜j(x)f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
)
h˜j(y)
= lim
n
∫
X1,X2,...Xr
(
n∑
j=1
g˜j(x) h˜j(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
=
∫
X1,X2,...Xr
(
∞∑
n=1
g˜n(x) h˜n(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x) a.e.y ∈ Y..
Conversely, assume that there exist sequences {gn}n with gn = (gn1, gn2, . . . , gnr)
and {hn}n in Lp′1(µ1)× Lp′2(µ2)× · · · × Lp′r(µr) and Lp(ν) respectively such that∑
n ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) < ∞ and for f ∈ L
p1(µ) × Lp2(µ2) ×
· · · × Lpr(µr) we have
(Tf)(y) =
∫
X1,X2,··· ,Xr
(
∞∑
n=1
gn(x) hn(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
Again, using Lemma 4.1(iv), we get
(Tf)(y) =
∫
X1,X2,··· ,Xr
(
∞∑
n=1
gn(x) hn(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
= lim
n
∫
X1,X2,··· ,Xr
(
n∑
j=1
gj(x) hj(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
= lim
n
n∑
j=1
(∫
X1,X2,··· ,Xr
f(x)gj(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
)
hj(y)
=
∞∑
n=1
(∫
X1,X2,··· ,Xr
f(x)gn(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
)
hn(y)
=
∑
n
〈f, gn〉hn(y) almost every y ∈ Y.
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To show that Tf =
∑
n〈f, gn〉hn in Lp(ν). We define tn =
∑n
j=1〈f, gj〉hj, then
the sequence {tn}n ⊂ Lp(ν) and for every n ∈ N,
|tn(y)| ≤ ‖f‖Lp1(µ1)×Lp2 (µ2)×···×Lpr (µr)
n∑
j=1
‖gj‖Lp′1(µ1)×Lp′2 (µ2)×Lp′r (µr)|hj(y)|
≤ ‖f‖Lp1(µ1)×Lp2 (µ2)×···×Lpr (µr)
∞∑
j=1
‖gj‖Lp′1 (µ1)×Lp′2 (µ2)×Lp′r (µr)|hj(y)| = q(y) (say).
Then, q(y) is well-defined and q ∈ Lp(ν). Infact, q is the limit of an increasing
sequence {qn}n in Lp(ν), where
qn(y) = ‖f‖Lp1(µ1)×Lp2 (µ2)×···×Lpr (µr)
n∑
j=1
‖gj‖Lp′1 (µ1)×Lp′2 (µ2)×Lp′r (µr)|hj(y)|,
and
‖qn‖Lp(ν) ≤ ‖f‖Lp1(µ1)×Lp2 (µ2)×···×Lpr (µr)
×
n∑
j=1
‖gj‖Lp′1(µ1)×Lp′2 (µ2)×Lp′r (µr)‖hj(y)‖Lp(ν) < M.
So, by applying monotone convergence theorem of B. Levi we deduce that q ∈
Lp(ν). Finally, Lebesgue dominated convergence theorem gives that we get that
tn → Tf in Lp(ν). 
Now, we are ready to extend above theorem from finite measure spaces to
σ-finite measure spaces. First, we prove the following lemma.
Lemma 4.3. Let (Xi, µi), 1 ≤ i ≤ r and (Y, ν) be σ-finite measure spaces. Let
1 ≤ pi, p < ∞, 1 ≤ i ≤ r and let p′i, q be such that 1pi + 1p′i = 1,
1
p
+ 1
q
= 1 for
1 ≤ i ≤ r. Suppose f ∈ Lp1(µ1)×Lp2(µ2)×· · ·×Lpr(µr), where f = (f1, f2, . . . , fr)
such that each fi ∈ Lpi(µi), and {gn}n with gn = (gn1, gn2, . . . , gnr) and {h}n are
two sequences in Lp
′
1(µ1) × Lp′2(µ2) × · · · × Lp′r(µr) and Lp(ν) respectively such
that
∑
n ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) < ∞. Then the parts (i) and (iv)
of Lemma 4.1 hold.
Proof. Since (Xi, µi), 1 ≤ i ≤ r and (Y, ν) are σ-finite measure spaces. Then
there exist sequences {Xkii }ki and {Y k}k such that µi(Xkii ) <∞, ν(Y k) <∞ and
Xi =
⋃
ki
Xkii , Y =
⋃
k Y
k. Now, consider the finite measure spaces (Xkii , µ
ki
i )
and (Y k, νk), where µkii , 1 ≤ i ≤ r and νk are the restriction of µi, 1 ≤ i ≤ r
and ν on Xkii , 1 ≤ i ≤ r and Y k respectively. Now, restrict the function gn on
Xk11 ×Xk22 × · · ·Xkrr and hn on Y k. Then for each ki and k, we have
∞∑
n=1
‖g‖
Lp
′
1(µ
k1
1 )×L
p′
2 (µ
k2
2 )×···×L
p′r (µkrr )
‖hn‖Lp(νk) <∞.
By Lemma 4.1(a) we know that
∑∞
j=1 gj(x) hj(y) converge absolutely for almost
every (x, y) ∈ ×Xk11 ×Xk22 × · · ·Xkrr × Y k. Therefore,
∑∞
j=1 gj(x) hj(y) converge
absolutely for almost every (x, y) = (x1, x2, . . . , xr, y) ∈ X1 ×X2 × · · · ×Xr × Y.
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We know, from the part (i) that the series
∑∞
j=1 gj(x) hj(y)f(x) converge ab-
solutely for almost every (x, y). The part (iv) follows using Lebesgue dominated
convergence theorem as in the proof of converse part of Theorem 4.2. 
Here is our main theorem of this section on the characterization of multilinear
nuclear operators on σ-finite measure spaces.
Theorem 4.4. Let (Xi, µi), 1 ≤ i ≤ r and (Y, ν) be σ-finite measure spaces. Let
1 ≤ pi, p < ∞, 1 ≤ i ≤ r and let p′i, q be such that 1pi + 1p′i = 1,
1
p
+ 1
q
= 1 for
1 ≤ i ≤ r. Let T : Lp1(µ) × Lp2(µ2) × · · · × Lpr(µr) → Lp(ν) be a multilinear
operator. Then T is a nuclear operator if and only if there exist sequences {gn}n
with gn = (gn1, gn2, . . . , gnr) and {hn}n in Lp′1(µ1)× Lp′2(µ2) × · · · × Lp′r(µr) and
Lp(ν) respectively such that
∑
n ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν) < ∞ and
for all f = (f1, f2, . . . , fr) ∈ Lp1(µ)× Lp2(µ2)× · · · × Lpr(µr) we have
(Tf)(y) =
∫
X1,X2,··· ,Xr
(
∞∑
n=1
gn(x) hn(y)
)
f(x) d(µ1 ⊗ µ2 ⊗ · · · ⊗ µr)(x)
=
∫
X1
∫
X2
· · ·
∫
Xr
(
∞∑
n=1
gn1(x1) gn2(x2) . . . gnr(xr) hn(y)
)
× f1(x1) f2(x2) . . . fr(xr) dµ1(x1) dµ2(x2) · · ·dµr(xr)
for almost every y ∈ Y.
Proof. The proof of theorem follows the same line as the proof of Theorem 4.2
by replacing Lemma 4.1(iv) by Lemma 4.3. 
Remark 4.5. An analogue of the characterization above theorem holds for s- nu-
clear operators, 0 < s ≤ 1, replacing the terms ‖gn‖Lp′1 (µ1)×Lp′2 (µ2)×···×Lp′r (µr)‖hn‖Lp(ν)
by ‖gn‖s
Lp
′
1 (µ1)×L
p′2 (µ2)×···×Lp
′
r (µr)
‖hn‖sLp(ν) in the sum, i.e., under the condition that∑
n
‖gn‖s
Lp
′
1 (µ1)×L
p′2 (µ2)×···×Lp
′
r (µr)
‖hn‖sLp(ν) <∞.
5. Discrete and periodic s-nuclear, 0 < s ≤ 1, multilinear
pseudo-differential operators on Lebesgue spaces
This section is devoted to study the Lp-nuclearity of multilinear pseudo-differential
operator defined on Zn and the torus Tn with the help of multilinear version of
Delgado’s theorem for s-nuclear, 0 < s ≤ 1, operator, namely, Theorem 4.4 and
Remark 4.5 in the previous section.
5.1. s-Nuclearity of multilinear pseudo-differential operators on Zn. In
this subsection we study multilinear discrete pseudo-differential operators. We
present several results concerning to the s-nuclearity , 0 < s ≤ 1, of multilinear
discrete pseudo-differential operator. We begin with the following characteriza-
tion.
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Theorem 5.1. Let a be a measurable function defined on Zn × (Tnr). The mul-
tilinear pseudo-differential operator Ta : L
p1(Zn) × Lp2(Zn) × · · ·Lpr(Zn) →
Lp(Zn), 1 ≤ pi < ∞, for all 1 ≤ i ≤ r is a s-nuclear, 0 < s ≤ 1, operator if
and only if the following decomposition holds:
a(x, ξ) = e−i2πx˜·ξ
∑
k
hk(x)FZnr(gk)(−ξ), ξ ∈ Tnr, x ∈ Zn,
where x˜ = (x, x, . . . , x) ∈ (Zn)r; {hk}k and {gk}k with gk = (gk1, gk2, . . . , gkr) are
two sequences in Lp(Zn) and Lp
′
1(Zn)×Lp′2(Zn)× · · · ×Lp′r(Zn) respectively such
that
∑∞
n=1 ‖hn‖sLp(Zn)‖gn‖sLp′1 (Zn)×Lp′2 (Zn)×···×Lp′r (Zn) <∞.
Proof. Let Ta be a s-nuclear, 0 < s ≤ 1, operator. Therefore, by Remark 4.5
there exist sequences {gk}k ∈ Lp′1(Zn) × Lp′2(Zn) × · · · × Lp′r(Zn) and {hk}k ∈
Lp(Zn) with
∑
n ‖hk‖sLp(Zn)‖gk‖sLp′1(Zn)×Lp′2 (Zn)×···×Lp′r (Zn) < ∞ such that for all
f ∈ Lp1(Zn)× Lp2(Zn)× · · ·Lpr(Zn), we have
(Taf)(x) =
∑
y∈Znr
∑
k
hk(x) gk(y) f(y), (5.1)
where gk = (gk1 , gk2, . . . gkr).
On the other hand, set ξ = (ξ1, ξ2, . . . , ξr) ∈ Tnr, we have
(Taf)(x) =
∫
Tnr
a(x, ξ) e2πix·(ξ1+ξ2+···+ξr)FZnf1(ξ1)FZnf2(ξ2), . . . ,FZnfr(ξr) dξ
=
∫
Tnr
a(x, ξ) e2πix·(ξ1+ξ2+···+ξr)
∑
y∈Znr
f1(y1) f2(y2), . . . fr(yr) e
−2πiy·ξ dξ
=
∫
Tnr
a(x, ξ)e2πi(x˜−y)·ξ
∑
y∈Znr
f1(y1) f2(y2), . . . fr(yr) dξ.
Therefore, for all f = (f1, f2, . . . , fr) ∈ Lp1(Zn)× Lp2(Zn)× · · · × Lpr(Zn), we
get ∫
Tnr
a(x, ξ)e2πi(x˜−y)·ξ
∑
y∈Znr
f(y) dξ =
∑
y∈Znr
∑
k
hk(x) gk(y) f(y). (5.2)
Since (5.2) holds for all f = (f1, f2, . . . , fr) ∈ Lp1(Zn)× Lp2(Zn)× · · · × Lpr(Zn).
For any ℓ = (ℓ1, ℓ2, . . . , ℓr) ∈ (Zn)r, by choose f = fℓ such that
fℓ(y) =
{
1 if ℓj = yj ∀ j ∈ {1, 2, . . . , r},
0 otherwise.
Equation (5.2) in turn gives
F
−1
Znr
[a(x, ·)](x˜− ℓ) :=
∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ =
∑
k
hk(x) gk(ℓ),
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where x˜ = (x, x, . . . , x) ∈ (Zn)r. So, by the Fourier inversion formula for the
discrete Fourier transform we have
a(x, ξ) = FZnr [F
−1
Znr
(a(x, ·))](ξ) =
∑
ℓ∈Znr
e−i2πξ·ℓF−1
Znr
(a(x, ·))(ℓ)
=
∑
ℓ∈Znr
e−i2πξ·(x˜−ℓ)F−1
Znr
(a(x, ·))(x˜− ℓ)
=
∑
ℓ∈Znr
e−i2πξ·(x˜−ℓ)
∑
k
hk(x)gk(ℓ)
= e−i2πξ·x˜
∑
ℓ∈Znr
∑
k
hk(x)e
i2πξℓgk(ℓ)
= e−i2πξ·x˜
∑
k
hk(x)
∑
ℓ∈Znr
ei2πξℓgk(ℓ)
= e−i2πξ·x˜
∑
k
hk(x)FZnr(gk)(−ξ).
Conversely, assume that there exist {hk}k and {gk}k in Lp(Zn) and Lp′1(Zn)×
Lp
′
2(Zn)× · · · × Lp′r(Zn) respectively with
∞∑
k=1
‖hk‖sLp(Zn)‖gk‖sLp′1 (Zn)×Lp′2 (Zn)×···Lp′r (Zn) <∞
such that
a(x, ξ) = e−i2πξ·x˜
∑
k
hk(x)FZnr(gk)(−ξ), ξ ∈ Tnr, x ∈ Zn.
Then, we have the identity∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ =
∑
k
hk(x) gk(ℓ)
for all ℓ = (ℓ1, ℓ2, . . . , ℓr) ∈ (Zn)r. Using this we have
(Taf)(x) =
∫
Tnr
a(x, ξ) e2πix·(ξ1+ξ2+···+ξr)FZnf1(ξ1)FZnf2(ξ2), . . . ,FZnfr(ξr) dξ
=
∑
y∈Znr
∫
Tnr
a(x, ξ)e2πi(x˜−y)·ξf(y) dξ
=
∑
y∈Znr
(∑
k
hk(x) gk(y)
)
f(y) almost every x ∈ Zn.
Hence, by Remark 4.5, Ta is a s-nuclear, 0 < s ≤ 1, operator. 
The following theorem present a necessary condition on symbols for the asso-
ciated multilinear discrete pseudo-differential operator to be a nuclear operator.
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Theorem 5.2. Let a be a measurable function on Zn × Tnr such that the milti-
linear pseudo-differential operator Ta : L
p1(Zn)×Lp2(Zn)×· · ·Lpr(Zn)→ Lp(Zn)
is a nuclear operator. Then, the sequence
{‖
∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ‖Lp(Znx )}(ℓ1,ℓ2,...,ℓr)∈(Zn)r
is in Lp
′
1(Zn)× Lp′2(Zn)× · · ·Lp′r(Zn).
Proof. Since Ta is nuclear operator. So, by Theorem 5.1, there exist {hk}k and
{gk}k in Lp(Zn) and Lp′1(Zn)× Lp′2(Zn)× · · ·Lp′r(Zn) respectively with
∞∑
n=1
‖hn‖Lp(Zn)‖gn‖Lp′1(Zn)×Lp′2 (Zn)×···Lp′r (Zn) <∞
such that ∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ =
∑
k
hk(x) gk(ℓ)
holds for all ℓ = (ℓ1, ℓ2, . . . , ℓr) ∈ (Zn)r. Which is equivalent to saying that
(FTnra)(x, x− ℓ1, x− ℓ2, . . . , x− ℓr) =
∑
k
hk(x) gk(ℓ)
holds for all ℓ = (ℓ1, ℓ2, . . . , ℓr) ∈ (Zn)r. Now, By Minkowski’s inequality, we get
F (ℓ) :=
(∑
x∈Zn
|(FTnra)(x, x− ℓ1, x− ℓ2, . . . , x− ℓr)|p
) 1
p
=
(∑
x∈Zn
∣∣∣∣∣∑
k
hk(x) gk(ℓ)
∣∣∣∣∣
p) 1
p
≤
∑
k
(∑
x∈Zn
|hk(x) gk(ℓ)|p
) 1
p
≤
∑
k
‖hk‖Lp(Z)|gk(ℓ)|,
and thus we have
‖F (ℓ)‖
Lp
′
1(Zn)×···×Lp
′
r (Zn)
≤ ‖
∑
k
‖hk‖Lp(Z)|gk(ℓ)|‖Lp′1(Zn)×···×Lp′r (Zn)
≤
∑
k
‖hk‖Lp(Z)‖gk(ℓ)‖Lp′1 (Zn)×···×Lp′r (Zn)
=
∑
k
‖hk‖Lp(Z)
r∏
j=1
‖gkj‖
L
p′
j (Zn)
<∞.
So, we finish the proof. 
Theorem 5.3. Let a be a measurable function on Zn × Tnr such that the mul-
tilinear pseudo-differential operator Ta : L
p1(Zn) × · · · × Lpr(Zn) → Lp(Zn) is a
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nuclear operator. Then, we have{∥∥∥∥∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ
∥∥∥∥
Lp
′
1 (Zn)×···×Lp
′
r (Zn)
}
x∈(Zn)
∈ Lp(Zn),
where p′i is such that
1
pi
+ 1
p′i
= 1 for every 1 ≤ i ≤ r.
Proof. Since Ta is nuclear operator. So, by Theorem 5.1, there exist {hk}k and
{gk}k in Lp(Zn) and Lp′1(Zn)× · · · × Lp′r(Zn) respectively with∑
k
‖hk‖Lp(Zn)‖gk‖Lp′1(Zn)×···×Lp′r (Zn) <∞
such that ∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ =
∑
k
hk(x) gk(ℓ)
holds for all ℓ = (ℓ1, ℓ2, . . . , ℓr) ∈ (Zn)r. Then
F (x) =
∥∥∥∥∫
Tnr
a(x, ξ)e2πi(x˜−ℓ)·ξ dξ
∥∥∥∥
Lp
′
1 (Zn)×Lp
′
2 (Zn)×···×Lp
′
r (Zn)
=
∥∥∥∥∥∑
k
hk(x) gk(ℓ)
∥∥∥∥∥
Lp
′
1 (Zn)×Lp
′
2 (Zn)×···×Lp
′
r (Zn)
≤
∑
k
‖hk(x) gk(ℓ)‖Lp′1 (Zn)×Lp′2 (Zn)×···×Lp′r (Zn)
≤
∑
k
|hk(x)|‖gk‖Lp′1 (Zn)×Lp′2 (Zn) =
∑
k
|hk(x)|
r∏
j=1
‖gkj‖
L
p′
j (Zn)
and therefore, by Minkowski’s inequality, we get(∑
x∈Zn
|F (x)|p
) 1
p
=
(∑
x∈Zn
(∑
k
|hk(x)|
r∏
j=1
‖gkj‖
L
p′
j (Zn)
)p) 1
p
≤
∑
k
(∑
x∈Zn
|hk(x)|p
) 1
p r∏
j=1
‖gkj‖
L
p′
j (Zn)
≤
∑
k
‖hk‖Lp(Zn)
r∏
j=1
‖gkj‖
L
p′
j (Zn)
<∞.
Hence, the conclusion follows. 
5.2. s-Nuclearity of multilinear pseudo-differential operators on the
torus Tn. In this section, we study the s-nuclearity, 0 < s ≤ 1, of multilin-
ear periodic pseudodifferential operators. We give the following characterization
of a multilinear s-nuclear, 0 < s ≤ 1, pseudo-differential operator on Tn.
Theorem 5.4. Let m be a measurable function on Tn×Znr. Then the mutlilinear
pseudo-differential operator Tm : L
p1(Tn)× · · · × Lpr(Tn) → Lp(Tn), 1 ≤ pi, p <
∞ for 1 ≤ i ≤ r, is a s-nuclear, 0 < s ≤ 1, operator if and only if there
exist two sequences {gk}k with gk = (gk1, gk2, . . . , gkr) and {hk}k in Lp′1(Tn) ×
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· · · × Lp′r(Tn), 1
pi
+ 1
p′i
= 1 for 1 ≤ i ≤ r and Lp(Tn) respectively such that∑
k ‖gk‖sLp′1(Tn)×···×Lp′r (Tn)‖hk‖
s
Lp(T) <∞ and
m(x, η) = e−i2πx˜·η
∑
k
hk(x) (FTnrgk)(−η), η ∈ Znr
where x˜ = (x, x, . . . , x) ∈ Tnr.
Proof. Let Tm is a multilinear s-nuclear, 0 < s ≤ 1, pseudo-differential operator.
Then, by Remark 4.5, there exist two sequences {gk}k with gk = (gk1, gk2, . . . , gkr)
and {hk}k in Lp′1(Tn)× · · · × Lp′r(Tn) and Lp(Tn) such that∑
k
‖gk‖s
Lp
′
1 (Tn)×···×Lp
′
r (Tn)
‖hk‖sLp(T) <∞
and for all f ∈ Lp1(Tn)× · · · × Lpr(Tn), we have
Tmf(x) =
∫
Tnr
(∑
k
hk(x) gk(y)
)
f(y) dy, (5.3)
where y = (y1, y2, · · · , yr) ∈ T nr.
Now, for any η = (η1, η2, · · · , ηr) ∈ Znr, define a function
fη(y) = (fηi , fη2, · · · , fηr) ∈ Lp1(Tn)× · · · × Lpr(Tn)
such that fηi(yi) = e
i2πηi·yi for 1 ≤ i ≤ r. Note that
(FTnfηi)(ξi) =
{
1 ηi = ξi
0 ηi 6= ξi 1 ≤ i ≤ r.
Therefore, by definition of periodic pseudo-differential operator and (5.3), we
get
Tm(f)(x) =
∑
ξ∈Znr
ei2πx·(ξ1+ξ2+···+ξr)m(x, ξ)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
=
∫
Tnr
(∑
k
hk(x) gk(y)
)
f(y) dy
holds for every f = (f1, f2, · · · , fr) ∈ Lp1(Tn) × · · · × Lpr(Tn). In particular for
f = fη, we get
ei2πx·(η1+η2+···+ηr)m(x, η) =
∫
Tnr
(∑
k
hk(x) gk(y)
)
ei2π(η1y1+η2y2+···+ηryr)dy
=
∑
k
hk(x)
∫
Tnr
gk(y) e
i2πη·y dy
=
∑
k
hk(x) (FTnrgk)(−η).
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Therefore,
m(x, η) = e−i2πx˜·η
∑
k
hk(x) (FTnrgk)(−η),
where x˜ = (x, x, . . . , x) ∈ Tnr.
Conversely, assume that there exist two sequences {gk}k with gk = (gk1, gk2, . . . , gkr)
and {hk}k in Lp′1(Tn)× · · · × Lp′r(Tn) and Lp(Tn) such that∑
k
‖gk‖s
Lp
′
1 (Tn)×···×Lp
′
r (Tn)
‖hk‖sLp(T) <∞
and
m(x, η) = e−i2πx˜·η
∑
k
hk(x) (FTnrgk)(−η),
where x˜ = (x, x, . . . , x) ∈ Tnr.
Therefore, for any f = (f1, f2, . . . , fr) ∈ Lp1(Tn)× · · · × Lpr(Tn)
Tm(f)(x) =
∑
ξ∈Znr
ei2πx·(ξ1+ξ2+···+ξr)m(x, ξ)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
=
∑
ξ∈Znr
(∑
k
hk(x) (FTnrgk)(−ξ)
)
FTnf1)(ξ1) · · · (FTnfr)(ξr)
=
∑
ξ∈Znr
(∑
k
hk(x)
∫
Tnr
gk(y) e
i2πξ·y dy
)
FTnf1)(ξ1) · · · (FTnfr)(ξr)
=
∫
Tnr
(∑
k
hk(x) gk(y)
)(∑
ξ∈Znr
ei2πξ·yFTnf1)(ξ1) · · · (FTnfr)(ξr)
)
dy
=
∫
Tnr
(∑
k
hk(x) gk(y)
)
f(y) dy.
Therefore, by Remark 4.5, Tm is a nuclear operator.

Now, from other viewpoint, we present the following condition for the nuclear-
ity of periodic multilinear operators by studying summability properties of their
symbols, these condition can be applied for studying certain symbol classes. The
criterion will be presented for periodic Fourier integral operators.
Theorem 5.5. Let us consider the real-valued function φ : Tn×Znr → R. Let us
consider the Fourier integral operator
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr)
with symbol satisfying the summability condition∑
ξ∈Znr
‖a(·, ξ1, ξ2, · · · , ξr)‖sLp(Tn) <∞.
Then A extends to a s-nuclear, 0 < s ≤ 1, operators from Lp1(Tn)×· · ·×Lpr(Tn)
into Lp(Tn) provided that 1 ≤ pj <∞, and 1 ≤ p ≤ ∞.
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Proof. Let us consider the multilinear operator defined by
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr). (5.4)
For every ξ ∈ Znr, define the functions
hξ(x) := e
iφ(x,ξ1,ξ2,··· ,ξr)a(x, ξ1, ξ2, · · · , ξr),
and the functionals
〈e′ξ, f〉 := (FTnf1)(ξ1) · · · (FTnfr)(ξr).
By definition, A extends to a s-nuclear multilinear operator from E = Lp1(Tn)×
· · · × Lpr(Tn) into F = Lp(Tn) if∑
ξ∈Znr
‖e′ξ‖sE′‖hk‖sLp(Rn) =
∑
ξ∈Znr
‖e′ξ‖sLp′1(Tn)×···×Lp′r (Tn)‖hk‖
s
Lp(Tn) <∞.
Taking into account that
‖hk‖Lp(Tn) = ‖a(x, ξ1, ξ2, · · · , ξr)‖Lp(Tnx ),
from the estimate
|〈e′ξ, f〉| ≤
r∏
j=1
‖fj‖
L
p′
j
we deduce that, supξ ‖e′ξ‖E′ ≤ 1, and the condition∑
ξ∈Znr
‖a(·, ξ1, ξ2, · · · , ξr)‖rLp(Tn) <∞,
implies the s-nuclearity of A. So, we finish the proof. 
Corollary 5.6. Let us assume that a : Tn × Znr → C satisfies estimates of the
type,
|a(x, ξ1, · · · , ξr)| ≤ C〈ξ〉−κ, x ∈ Tn, ξ ∈ Znr,κ > 0.
If κ > nr/s, the periodic Fourier integral operator A extends to a multilinear
s-nuclear, 0 < s ≤ 1, operator from Lp1(Tn) × · · · × Lpr(Tn) into Lp(Tn) for all
1 ≤ pj <∞ and 1 ≤ p ≤ ∞.
Proof. From Theorem 5.5, the operator A is s-nuclear. In fact the series∑
ξ∈Znr
‖a(·, ξ1, ξ2, · · · , ξr)‖sLp(Tn) .
∑
ξ∈Znr
〈ξ〉−κs <∞,
converges due to condition κ > nr/s. The proof is complete. 
Example 5.7. In order to illustrate the previous conditions, we consider the
multilinear Bessel potential. This can be introduced as follows. Consider the
periodic multilinear Laplacian denoted by
L := (L, · · · ,L),
acting on f = (f1, · · · , fr) ∈ D(Tn)r by
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L f(x) := (Lf1(x)) · · · (Lfr(x)) (5.5)
=
∑
(ξ1,··· ,ξr)
ei2πx(ξ1+···+ξr)|ξ1|2 · · · |ξr|2(FTnf1)(ξ1) · · · (FTnfr)(ξr). (5.6)
For r = 1, we recover the usual periodic Laplacian
Lf(x) = − 1
4π2
(
n∑
j=1
∂2θj )f(x) =
∑
ξ∈Zn
ei2πx·ξ|ξ|2(FTnf)(ξ).
The multilinear Bessel potential of order α = (α1, · · · , αr) ∈ Nr0,
(I + L )−
α
2 := ((I + L)−α12 , · · · , (1 + L)−αr2 ),
can be defined by the Fourier analysis associated to the torus as
(I + L )−
α
2 f(x) = (I + L)−α12 f1(x) · · · (1 + L)−αr2 fr(x) (5.7)
=
∑
(ξ1,··· ,ξr)
ei2πx(ξ1+···+ξr)
r∏
j=1
(1 + |ξj|2)−
αj
2 (FTnf1)(ξ1) · · · (FTnfr)(ξr). (5.8)
From the estimate
a(x, ξ) =
r∏
j=1
(1 + |ξj|2)−
αj
2 ≤
r∏
j=1
(1 + |ξj|2)
− min
1≤j≤r
{
αj
2
}
. 〈ξ〉− min1≤j≤r{αj},
Corollary 5.6 applied to a(x, ξ) =
∏r
j=1(1+ |ξj|2)−
αj
2 , implies that the multilinear
Bessel potential (I +L )−
α
2 extends to a s-nuclear operator from Lp1(Tn)× · · ·×
Lpr(Tn) into Lp(Tn) for all 1 ≤ pj <∞ and 1 ≤ p ≤ ∞ provided that
κ := min
1≤j≤r
{αj} > nr/s.
This conclusion is sharp, in the sense that if we restrict our analysis to r = 1 and
p1 = p = 2, the operator (I + L)−α2 extends to a s-nuclear operator on L2(Tn)
if and only if κ := α > nr/s = n/s. In fact, the class of s-nuclear operators on
L2(Tn) agrees with the Schatten-von Neumann class Ss(L
2(Tn)) of order s. In
this case, let us recall that the class Sr(H) of Schatten-von Neumann operators
on a Hilbert space H, consists of those compact operators T on H with a system
of singular values {λj(T )}j := Spec(
√
T ∗T ), satisfying∑
j
λj(T )
s <∞.
For T = (I + L)−α2 on H = L2(Tn), the system of eigenvalues of the operator√
T ∗T , Spec(
√
T ∗T ) is given by
{λj(T )}j = {(1 + |ξ|2)−α2 : ξ ∈ Zn}.
So, for 0 < s ≤ 1, (I + L)−α2 extends to a s-nuclear, 0 < s ≤ 1, operator on
L2(Tn), if and only if ∑
j
λj(T )
s =
∑
ξ∈Zn
(1 + |ξ|2)−αs2 <∞.
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But, the previous condition holds true if and only α > n/s.
Example 5.8. Now, we consider symbols admitting some type of singularity at
the origin. In this general context, let us choose a sequence κ ∈ Ls(Znr). Let us
consider the symbol
a(x, ξ) :=
1
|x|ρκ(ξ), x ∈ T
n, x 6= 0, ξ ∈ Znr, ρ > 0.
If we consider the Fourier integral operator associate to a(·, ·),
Af(x) :=
∑
ξ∈Znr
eiφ(x,ξ1,ξ2,··· ,ξr)
1
|x|ρκ(ξ1, · · · , ξr)(FTnf1)(ξ1) · · · (FTnfr)(ξr),
the condition
0 < ρ < n/p,
implies that the periodic Fourier integral operator A extends to a s-nuclear mul-
tilinear operator from Lp1(Tn) × · · · × Lpr(Tn) into Lp(Tn) for all 1 ≤ pj < ∞
and 1 ≤ p ≤ ∞. In fact, by Theorem 5.5, we only need to verify that
∑
ξ∈Znr
‖a(·, ξ1, ξ2, · · · , ξr)‖sLp(Tn) =
∫
Tn
dx
|x|p·ρ
 sp ∑
ξ∈Znr
|κ(ξ)|s <∞.
But, this happens only if 0 < ρ < n/p.
Sharp conditions for the s-nuclearity of pseudo-differential operators on S1 and
Z were first introduced in Delgado and Wong [16]. Later, sharp conditions and
its applications to Ho¨rmander classes, Laplacian and sub-Laplacians on arbitrary
compact Lie groups were investigated in Delgado and Ruzhansky in [19, 20, 21,
22, 23, 25]. Finally, the approach in the first part in this subsection was adopted
to the multilinear case, from the abstract characterisations of Ghaemi, Jamalpour
Birgani, and Wong [30, 31] and Jamalpour Birgani [39].
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